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Multiple Sign Changing Radially Symmetric Solutions 
in a General Class of Quasilinear Elliptic Equations * 

Claudianor O. Alves^ Jose V. A. Goncalves* Kaye O. Silva^ 


Abstract 

In this paper we prove that the equation — (r a <p(\u' (r)\)u' (r))' = Ar 7 /(u(r)), 0 < r < R, where 
a,7,R are given real numbers, 0 : (0,oo) —> (0, oo) is a suitable twice differentiable function, 
A > 0 is a real parameter and / : R — > R is continuous, admits an infinite sequence of sign¬ 
changing solutions satisfying m'( 0) = u(R) = 0. The function / is required to satisfy tf[t) > 0 
for f / 0. Our technique explores fixed point arguments applied to suitable integral equations 
and shooting arguments. Our main result extends earlier ones in the case 0 is in the form 
4 >{t) = \t\P for an appropriate constant 7. 


1 Introduction 

We study the nonlinear eigenvalue problem 

— [r a cj){\u'{r)\)u'{r))' = Ar 7 f(u(r)), 0 < r < R, 


where A > 0 is a parameter, / : 
We shall assume that 0 : (0, 00) 


m'( 0) = u(R) = 0, 

->• R is continuous and a, 7 G R are suitable constants. 
(0, 00) is a twice differentiable, C 1 -function, satisfying 


Ra) 


(</>i) (i) t(j>(t) —>• 0 as t —> 0, 

(ii) t(j){t) —> 00 as t —>• 00, 

(02) t(j)(t) is strictly increasing in (0,00), 

(03) there are constants 71,72 > 1 such that 


(t0(f)Y 


Concerning /, the following conditions will be imposed: 
(/1) tf(t) >0, t y 0, 
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(f 2 ) there exists doo > 0 such that / is nondecreasing in (—oo,d<x>]> 

(/ 3 ) liminf [ \f(t)\hT^ sgn(f(t))dt < oo. 

v—>0 ± J 0 

Remark 1.1. We observe that condition (fe) is equivalent to the following: 
(fV ma x{f°_ x [-f(t)] — dt, Jo[f(t)]~dt^ < oo, 

for each x,y > 0, where yj = 71/(71 — 1). 


Our main objective in this work is to prove the following result: 

Theorem 1.1. Let f £ C'(M) 0 C' 1 (M \ {0}). Assume (f>\)-(f>s), (f\)-(fi) and 

7 > max |a, —^yj . ( 7 , 0 ) 

Then there is a positive number A such that for each A £ (0, A], problem \I\\ j admits a positive 
solution uo and an infinite sequence {ug}gL 1 of solutions satisfying: 

M 0 ) = dg, ( 1 . 1 ) 

ug has precisely i zeroes in (0 ,R), (1.2) 

where {dg}^^ is an infinite sequence of real numbers such that 

doo > di > ■ ■ ■ > dg > ■ ■ ■ > 0. (1.3) 


The proof of Theorem 11.11 is strongly based on the shooting method. In this regard, consider the 
initial value problem 


— {r a J){\u'{r)\)u'(r))' = Ar 7 /(u(r)), r > 0 , 

u( 0 ) = d, u'( 0 ) = 0 , 


(Px,d) 


where d £ ( 0 , doo]- 


The auxiliary result below will play a crucial role in this work. 

Theorem 1.2. Let f £ C(M)flC 1 (R\{0}). Assume ((j>\)-(4 >, s), tl- a \) an d (f\)~(.f r 2 )- Then there 
exists a positive number A = A(d oa ) such that for each A £ ( 0 , A], problem (P\d) has a unique 
solituon u(-,d,X ) = u(-,d ) £ C ll ([0,oo)). In addition, for each d £ (0,doo], there is a sequence 
{ z g}^= 1 of zeroes ofu(-,d), zg = zg(d), such that 


zi(doc) > R, u(r,d ) > 0 i/0 < r < z\(d), 


zi(d) < z 2 {d) < ■ ■ ■ < zg(d) < • • • , (1.4) 

u'(r,d ) <0 if 0 < r < z\{d),u(r,d) / 0 if zg < r < zg + 1 and u'(zg,d ) / 0 , 

zg(d) —> 0 as d —> 0 and zg(d) zg(d) as d —>• d, d £ (0, doo], (1.5) 

if d £ (0, doo] and u(-,d) has k zeroes in (0 ,R) then u(-,d ) has at most k + 1 

( 1 . 6 ) 

zeroes in (0, R ) whenever d < d,d close enough to d. 
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2 Background 

Consider the problem 


—div(a(x)|Vu(x)|^Vrt(a:)) = A b(x)f(u), x € Br, 
u(x) = 0, x G OBr, 


(Pb 


where Br C RP is the ball of radius R centered at the origin, the functions a , b are radially 
symmetric and P > —1. Making a = b = 1, j3 = p — 2 with 1 < p < oo and A = 1, (Pl,\) becomes 

— (r N ~ 1 \u , (r)\ p ~ 2 u'(r)) = r A,_1 /(rt(r)), 0 < r < R, 

u'( 0) = u(R) = 0. 


(P 2 ) 


It was shown in 0 that if f(t) = Itl 5 1 t with l<d + l<p<A^ then (1P2I) has infinitely many 
nodal solutions. 


In [3], it was shown that the more general problem 

— (r"|ri / (r)| /3 ri / (r)) = Ar 7 /(rt(r)), 0 < r < R, 

u'( 0) = u(R) = 0 
admits infinitely many solutions if A is positive and small enough, 


(P3) 


j3 > —1, 7 > max < a 


—a 


P + 1 ’ 


( 2 . 1 ) 


and conditions (/i), (/2) and a stronger form of (fy) hold. 

Regarding (1P3I) . an example of a function sahstying ( fi ), (/2), (/a) with f3 > 0 is /(f) = arctg(t). 
As was pointed out by Clement, Figueiredo k, Mitidieri [8] the operator 

(r Q! |^^ / (r)| /3 ^^ , (r)) , 

represents the radial form of the well known operators: 
p-Laplacian with 1 < p < N when a = N — 1, /3 = p — 2, 
k-Hessian with 1 < k < N when a = N — k, P = k — 1. 

The problem 


where 


—A= A f(u) in B 
u = 0 on dB , 

<h(t) = / sp(s)ds, 

Jo 




is the ‘h-Laplacian operator namely 

A$a = div(</>(| Vu |)Vu) 
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and B C R N is the ball of radius R centered at the origin, was addressed by many authors (see 
e.g. Fukagai & Narukawaff] and its references). A weak solution of (<k) is by definition an element 
u £ (the usual Orlicz-Sobolev space) such that 

[ 4>(\\7u\)\7u\7vdx = A [ f(u)vdx , v £ Wq’*(B). (2.2) 

J B J B 

The radially symmetric form of (<h) is 

( — (r N ~ l cj)(\u'{r)\)u'{r))' = \r N ~ l f(u(r), 0 <r < R 
\ «/(()) = u(R) = 0 

which is a special case of QP\D i (see further remarks in the Appendix). 

Theorem 1.1 extends the main results of 0, 0, in the sense that we were able to treat both with 
a more general class of quasilinear operators and a broader class of terms /. 

Problems like QP\D have been investigated by many authors and we would like to refer the reader 
to Saxton &; Wei [TB], Castro & Kurepa [7], Cheng [5j , Strauss m , Ni & Serrin [T2], Castro, Cossio 
& Neuberger 0, Fukagai & Narukawa j3], Mihailescu & Radulescu (10,, llj and their references. 
Here, we would point out that in [5], Fukagai &; Narukawa have mentioned that this type of problem 
appears in some fields of physics, such as, nonlinear elasticity, plasticity and generalized Newtonian 
fluids. 

3 Proof of Theorem 11.11 

Take A £ (0, A] where A > 0 is given in Theorem 11.21 We proceed in two steps: 

Step 1. (Existence of a positive solution of (| I\ D .) Let d £ (0, doo]- We shall use the notations 
in Theorem Ol So z\ = z\{d) denotes the first zero of u(-) = u(-,d). Set 

Aq = jd £ (0, doo] | z\(d) > and do := inf Aq. 

By ill.41) in theorem 11.21 zi(doo) > R. So Aq ^ 0. We will show that 

do > 0 and zi(do) = R. (3-1) 

Indeed, assume on the contrary that do = 0. Take a sequence ( dj ) C Aq such that dj —> 0. By 
(USD, z\iydj) —>• 0, which is a contradiction. 

Now, assume z\ (do) > R■ Pick a sequence (dj) C (0, doo] such that dj < do and dj —> do- Applying 
(11.51) we infer that z\(dj) —> zi(do). Once zi(do) > R, it follows that z\(dj) > R, which shows that 
dj £ Aq. But this contradicts the definition of do- Therefore ^i(do) = R and this completes the 
proof of (13.11) . As a byproduct there is a positive solution of ( | I \ | ). 

Step 2. (Existence of an infinite sequence of sign-changing solutions of (] I \ [ ). ) At hrst 
consider 

A\ := |d £ (0,do] | ^i(d) < R, 22(d) > i?| and d\ := inf A\. 

We claim that 
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A\ ^ 0, 0 < d\ < do 


(3.2) 


zi(di) < R, z 2 (d\) = R. 

Let us show at first that A\ ^ 0. Indeed, by Step 1 z\(do) = R- By CCSl), if d € (0, do) with d 
close to do then u(-,d ) has at most one zero in (0 ,R). Assume by contradiction that u(-,d) has no 
zero in (0 ,R). Then z±(d) > R with d < do, impossible. It follows that u(-,d) has precisely one 
zero in (0, R) and so d G ii, showing that A\ / 0. 

To show that d\ > 0, assume by contradiction that there is a sequence {dj} C A\ such that dj —> 0. 
By (11.51) . z 2 (dj) —> 0 contradicting z 2 (dj) > R. 

It follows from zi(do) = R and definition of A\ that d\ < d$. Therefore 0 < d\ < do < doo. 

It remains to show that zi{d\) < R and z 2 (di) = R. To do it, let {dj} C A\ such that dj —> d\, so 
that z\(dj) —> Zi(d\) < R and z 2 (dj) —> z 2 (d\) > R. 

If zi(di) = R then u(-, d±) has no zeros in (0, R). By (11.61) . if d < d\ and d is close to d\, u {•, d) has 
at most one zero in (0, R). If u(-,d ) has one zero then we have d < d\ and d € A±, a contradiction. 
On the other hand, if u(-,d ) has no zero then d > do > d± which is again a contradiction. Therefore, 
^i(di) < R- Now, assume by contradiction that z 2 (d\ ) > R. Let dj —> d\ with dj < d\. Then, 
z\(dj) —> ^i(di) < R and in addition, z 2 {dj) —> z 2 {d\) > R, so that, zi(dj) < R and z 2 (dj ) > R for 
large j, which is impossible. Thus z 2 (d\) = R. 

By induction, iterating the arguments above, we construct a sequence {di} < ^ =1 C (0, doo] such that 


0 < • • • < d£ < ■ ■ ■ < di < doo, 


ze(de) < R, z i+ i(de) = R, 


(3.3) 


with di := inf Ae, where 


Ai := |d € (0, di] I ze(d) < R, ^+i(d) > iij. 

This ends the proof of step 2. 

To finish the proof of Theorem ll.il we use steps 1 and 2 to conclude that for A 6 (0, A] the functions 
given by Theorem 11.21 namely Ui(-) = u(-,di) G C' 1 ([0, R]) for £>1, satisfy 

r a (f){\u}{r)\)u}(r) is differentiable, 
u'i{r)\)u'i(r))' = A r 7 /(u £ (r)), 0 < r < R, 


u{{ 0) = 0 and ui(R) = 0, 

that is, ui is a classical solution of ( |PaD , Ui has precisely i zeroes in (0, R) and so 


Uq, U 1, U2, • • • , 


is an infinite sequence of solutions of (P\) as claimed in the statement of Theorem 11.1 


□ 
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4 Proof of Theorem 11.2 


At first we set 


<h(t) = / scj)(s)ds, 17(t) = — &(t), F(t) = f f(s)ds. 

Jo Jo 


The results below will play a crucial role in this paper. 


Lemma 4.1. Assume (7, a\j and let d £ [0, doo], A > 0 and T > 0. If u is a solution of (P\,d) in 
[0, T], then 


H(\u'(r)\) < Xr' r ~ a [F(d) - F(u(r))], r > 0. 


(4.1) 


F(u(r )) < F(d) for r £ [0, T] 


(4.2) 


Lemma 4.2. Assume that (<fi)-(<p;i), (7, a\) and (f\)-(fi) holds, 
d £ (0,doo] ? then problem \P\.d) has a unique solution u(-,d,X) = 
addition, 


If f £ C(R) nC'(R\ {0}) and 
u(-,d ) = u(-) £ C 1 ([0, 00)). In 


if do £ (0,doo] then u(r,d ) —>■ u(r,do) as d —> do, uniformly in [0, T] for T > 0, 

if do £ (0, doo] then u'(r,d ) —>• u'(r,do) as d —» do, uniformly on compact 
subsets of (0, 00], 


(4.3) 

(4.4) 


4.1 Proofs of Lemmas 14.11 and 14.21 


Integrating the equation in {P\ y d) we get to 

pr 

f>(\u'(r)\)u'(r) = —r~ a / A t 1 f(u{t))dt, r > 0. 

Jo 

Setting 

h(t) := tc/){t), 

we see that h is invertible with differentiable inverse h~ ] . Then, 


u'(r) = h 1 r a J Ai 7 /(u(i))dt^ if u'(r) > 0, 

u , (r) = —h~ 1 ^—r~ a J A7 7 /(u(i))df^ if u'(r) < 0, 


(4.5) 

(4.6) 

(4.7) 

(4.8) 


Once / is continuous and 7 > a, we conclude from the above equalities that u £ C 1 . 

Proof of Lemma 14.11 From (14.711 and (14.81) . we infer that u £ C 2 at the points r > 0 where 
u'(r) 0. Computing derivatives in (P\,d) and multiplying the resulting equality by u'(r), we are 

led to 


— ar a 1 <f>(\u'{r)\)\u'(r)\ 2 — r a ^-h(\u'(r)\)u'(r)u" {r) = Xr 1 f (u(r))u'(r), u'(r) ^ 0. (4.9) 
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Consider the functional E : [0, oo) —y R defined by 

.5(0) = A F{d) and E(r ) = r a_7 [i7(|'u / (r)|)] + A F(u(r)), r > 0, 
where H(t) = t&(t) — <h(t) = /g h'(s)s ds. Note that 

E\r) = r a ~^ [H (\u r (r)\)]' + (a — 7)r a_7 " 1 i7(|n / (r)|) + Xf(u(r))u'(r), r > 0 

and 

[ff(l»'(t)l)]' = J t h(\v!{r)\)v,’(r)u"(r), n\r) ? 0. 

Therefore from (14.91) . 

E’(r) = (a — 7)r Q ' _7_1 L7(|?/(r)|) — ar 01-1 ^ 1 (r)\)\u' (r)\ 2 u'(r) / 0. 

From Lemma 15.61 in the Appendix, the last inequality combined with hypothesis (jy, aj) gives 


E'{r)<— --(a — y)r a 7 1 <j){\u'(r)\)\u'(r)\ 2 — ar a 7 1 </>(|u'(r)|)|u'(r)| 2 < 0, u'(r)=£ 0. (4.10) 

7i 

Next, we will prove that E is continuous at the origin and therefore, as E is non-decreasing by the 
previous inequality, it follows that E(r) < E( 0) for all r > 0. Note that equation (14.51) implies 


< 3?(|u , (r)|) = $ (h 




/' 


A F f(u(t))dt 


which in turn gives 

4>(K(r)|) < <f> (h- 1 ( XC ^ i a+1 ) ) , r G [0, 6), (4.11) 

where C^.d = max rG r 0i 5] |/(u(r))|. We choose 5 > 0 small and apply Lemmas 15.11 and [5721 to conclude 
from (14.111) that 

72 

4>(|u'(r)l)< r € [0,5). (4.12) 

We apply condition A2 (see inequality (15.11) in the Appendix) in the definition of E to infer that 


E(r) < (72 — l)r" 7 4>(|u , (r)|) + XF(u(r)), r > 0. (4-13) 

Thus, (14.121) and (14.131) lead to 

E(r) < Cr (a_7)+ 71^1 (7-«+i) + \F(u(r)), r G [0,5). (4.14) 

Recalling that 72 >71, we have that 

(a - 7) H--(7 — a + 1) > --— > 0. 

7i - 1 7i - 1 

Hence, from (14.141) that limFi(r) < A F(d). On the other hand, by Lemma 15.61 we know that 

r— >0 

H(t) >0 for all t > 0. Then, by definition of E, E(r) > XF(u(r)) for all r > 0. Gathering these 
information, we conclude that 

lim E(r) = A Fid). 

r-t 0 
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Therefore, as (14.101) is true, 


E(r) < E{ 0) for r > 0, 

which is equivalent to the desired inequality namely (ED) 


Proof of Lemma 14.21 We will at first study existence and uniqueness of local solutions of 
Let e > 0 and consider 


— {r a <f{\u'{r)\)u'(r))' = Ar 7 /(u(r)), 0 < r < e, 

u( 0 ) = d, u'( 0 ) = 0 . 

We shall need the following result whose proof is left to the Appendix. 

Lemma 4.3. (P\ t d,e) has a unique solution u(-) = u(-,d, A, e) £ C 2 ([0, e)) for small e. 
Proof of Uniqueness in Lemma 14.21 Assume that u,v are two C' 1 ([0,oo)) solutions. Let 

So = {r > 0 : u(t ) = v(t), 0 < t < r}. 


(• P\,d,e) 


We will show that 


Sq / 0, Sq is both open and closed in [ 0 , oo). 


(4.15) 


Indeed, by Lemma 14.31 above, [0, e) C Sq for e > 0 small enough, which shows that So 7 ^ 0. 
Moreover, since u, v are C l functions we infer that So is closed. To finish we shall prove that So is 
open. To achieve that let r £ Sq with r > 0. We distinguish between two cases. 


Case 1. u'(f) = v'(f) = 0 

Assume u(r) = v(r) = d. If d = 0 then, up to a translation in the domain, we are within the settings 
of Lemma 14.11 Therefore, using (|4.1D . observing that by hypothesis (/ 1 ) one has F(u(r)) > 0 for 
r >r, and noticing that F(d) = 0, we get 


H(\u'(r)\) < Ar 7 “ (^F(d) — F(u(r))J < 0 for r >r, 
from where it follows that u(r) = 0 for r > r, because by Lemma 15.61 in the Appendix 


H(t) > 0 Vf > 0 and H(t) = 0 t = 0. 


The same argument works to prove that v(r) = 0 for r > r. Consequently, r > r , u(r) = v(r) = 0 
and then, So = [0, 00 ) is open. On the other hand, if d > 0, we define 

Kp(d) = {u £ C([r,r + e]) : u(0) = d, \\u - d||oo < p}, 


t a f At 7 / (u(t)) dr 

Jr 

where e, p are positive and e is small. The same proofs of (15.81) and (15.91) can be do here, and then 
the Banach Fixed Point Theorem guarantees a unique fixed point for the operator T when e is 
small, therefore, u(r) = v{r) in a small neighbourhood of r, which implies that Sq is open. 


^ dt, V r £ [ 0 , e], 


T{u{r)) = d- h 


-1 


Case 2. u'ifr) = v'ir) / 0. 










Note that there is a neighbourhood V of r such that u'[r),v'(r ) 7 ^ 0 for r £ V. So in V. we must 
conclude, as in (14.101) (here we use the same notation as in the proof of Lemma [4. II) that if z denotes 
either u or v then 


(r a -^H(\z'(r)\) + A F(z(r))V = - a + 7(ri -ll r «-7- 1 ^(| z '( r )|) z '( r )| 2 . 

7i 

Integrating from r to r and subtracting the corresponding equations for z = u and z = v, we obtain 
(remember that u(r) = v(r) and u'(r) = v'(r)) 


r a -^[H(\u'(r)\) - H{\v'(r)\)} + A [F(u(r)) - F(v(r))} = 

t'\d>(\u\t)\)\u'(t)\ 2 - 0 (|t/(t)|)|t/(t)| 2 ] dt. 


a + 7 ( 7l - 1) f r _ L 


7i 


Next we consider three auxliary continuous functions, namely 


Ai(t) = < 


A 2 (t) = < 


u' (t)—v / (t) 

4>(\u'(t)\)u'(t), u\t)=v'(t), 


B(t) = < 

Let w(r) = u{r ) — v(r). From (14.161) . 


£[h(\u'(t)\)\u'(t)\], u'(t ) = v'{t), 

A f(u(t)), u(t ) = n(t). 


r"-^i(r)n;'(r) + 5(r>(r) = - 0 + 7(71 - ^ f t a -^~ 1 A 2 (t)w'(t)dt. 


7i 


(4.16) 


(4.17) 


Once n / (f) 7 ^ 0, we have that in a neighbourhood of r, the function 1/Ai is well defined and 
continuous, and so, equation (|4.17|) is the same as 


,, N , B(r) _ a a+ 7(71-1) r 7 

w + TTN r w ( r ) = -TTN 

+i(r) 71 Ai(r) 


—a rr 


t a -^~ l A 2 {t)w'(t)dt. (4.18) 


As h is two times differentiable and u '(?) 7 ^ 0, A 2 is continuously differentiable in a neighborhood 
of r, therefore, from (14.181) and integration by parts we obtain 


,, > . B(r) a + 7(71 — 1) r 7 “ Q - 7 -i , , W n, 

w (r) + r' w[r) = -———r 7 A 2 (r)rc(r)+ 


Ai(r) 71 Ai(r) 

a + 7(71 — 1 ) r 7 “ 


7i 


Ai(r) 


[t“ 7 1 A 2 (t)] / in(t)dt, 
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hence 


vu'(r)+ 


B(r) ^_ a _ a +7(71-1) r'f a ra _^ lA ^ 


Ai (r) 71 

a + 7(71 — 1 ) r 7_Q n 


7 i 


M r ) 

—— f [t a ~ 1 ~ 1 A 2 {t)]'w(t)dt. 

1 V ) Jr 


w(r ) = 


We introduce the notation 


Di{r) = 


ot + 7(71 — 1) r 7 a 1 

r 7 "" _ « i- 7171 -^__ r a- 7 -i A2 ( r ) ) 


B(r) 

Mr) 

D 2 {r) = - 


7 i M r ) 

a 4 . 7 ( 7 X - 1 ) r 7 a 


7 i ^i( r )’ 

D 3 (r) = [t a ^~ 1 A 2 (t)] , : 

which implies from (14.191) that 

nr 

w'(r ) + D\(r)w(r) = D 2 (r) / D^(s)w(s)ds. 


( 4 . 19 ) 


(4.20) 


We integrate equation (I4.20|) from r to r, which combined with the fact that, Ai,A 2 , 1 /A\ , A' 2 . B 
are bounded functions (remember they are all continuous functions in a neighborhood of r) to 
conclude that 


u(r)| 


< [ |Z?i(s)||i;(s)|ds + f \D 2 (s )I f \D 3 (r)\\v(t)\dtds 

Jr Jr Jr 

nr 

<C |u(s)|ds, 

Jr 


where C > 0 is a constant. By the Gronwall Inequality, v = 0 in a neighborhood of f. Therefore, 
Sq is open and (14.151) is proved. 

Proof of Existence in Lemma 14.21 Let 


S 0 o = {r > 0 | (P\ t d) has a solution in [ 0 , r)} and = supS'oo. 
We will prove that 

Toe — 00 • 


(4.21) 


Assume, on the contrary, that Too < 00 . First note that is a closed set. Indeed, let r n —> r with 
r n £ Soq. If r < r n for some n then r £ Sqq by force, so we can assume that r n < r and without 
loss of generality that r n < r n +\. If u n are the solutions associated with r n , we define u : [0, r) —» R 
by u(x) := u n (x) of x £ [0, r n ). Once ()4. 151) is satisfied, we conclude that u is well defined and it 
is a solution of (P\ iC i), which implies that r £ 5^. 


Since Soo is closed, we have that Too £ <S'oo- Let u be the solution associated with Too- We first 
observe that from (EH), I u !| is bounded, which implies that u can be continuously extended to 
Too- Moreover, equation (|4.5|) guarantees that u'(T 0 0 ) is uniquely defined, so there are two cases to 
consider.: 


Case 1. u'{Too) = 0. 
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If u(T, (*,) = 0, consider the extension of u namely u : [0, oo) — > M given by u(t) = 0 for t > T^. 
Then u is a C 1 function and it is also a solution of (P\,d), which is an absurd. Otherwise, if 
uCToo) = d°° > 0, consider the operator T defined by 

T(u{r)) = d°° — [ /i -1 ft~ a f Xt 1 f(u(T))dr\ dt. 

Jt oo V Jt 0 o J 

Following the same lines as in the proof of either (15.8p or (14.1511 Case 1, we have that T has unique 
fixed point v : [0, + e], which is an absurd due to the definition of T,' 0O . 

Case 2. u'(T 0 Q ) ^ 0. 

Assume without loss of generality that u'iT^) > 0. Then, by (14.511 . 


u'{r) = h 1 a J At 7 /(u(t))dt^ 


in a neighborhood of T, x . Hence, u is C 1 in a neighborhood of which implies by (P\ : d) that 

J "1 -1 


u"{r) = - 


h(u\r)) 


a 


(j){u'(r))u'(r) + Ar 7 a f(u(r))'j . 


By the last equation and Peano’s Theorem, u can be extended to [0, T ,^ + 5), where 5 > 0 and thus 
we reach an absurd, because such extension is also a solution to (P\d)- This finishes the proof of 
Case 2. Therefore, (|4.21|1 is proved and thus Claim 2 is also proved. 

Proof of (14.311 . Remember that 


r a cj>(\u'(r)\)u'(r) = - [ \t”/f(u(t))dt. 
Jo 


(4.22) 


Assume that d n —> do and set u n (r) = u(r,d n ), uo(r) = u(r,do). Inequality (14.51) implies that 
|«(j(r)| is bounded for r £ [ 0 , T], therefore, by Ascoli-Arzela Theorem, there is a subesequence, still 
denoted by u n , such that u n ^ v uniformly in [0, T ] for some v £ C([0, T]). Now we will prove that 
v = u 0 . 

First note that by Lebesgue’s Theorem 


pr pr 

/ Xt'if {u n (t))dt ->• / Xt'yf (v(t))dt, 
Jo Jo 


and by (14.221) . 


As a consequence, 


r "</ > (kn( r )l)^n( r ) -4- - / Atq f(v(t))dt, r £ [0, T\. 


K(0I ->• h 1 [r “ 


/ APy f{v(t))dt 
Jo 


, r £ [0, T], 


(4.23) 


The combination of (|4.22l) and (14.23(1 implies that u' n {r) —> w(r ) for all r £ [0,T] where w is a 
continuous function. Hence, applying Lebesgue’s Theorem we obtain 


pr 

U n (r) ~d n = u' n {t)dt 
Jo 


w(t)dr, r £ [0,T], 
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which implies that w(r) = v'(r) and r/(0) = 0. Once 

<t>(\v'{r)\)v'(r) = —r~ a [ Xt 1 f(v(t))dt, 

Jo 

is satisfied and since u(0) = do, it follows by the uniqueness of solutions given by theorem 14.21 that 
v = uo, which concludes the proof of (14.311 . 

Proof of (14.411 , Let 0 < Cd'^ : T'^ : b < C. oo and assum .6 that d n — y do. By (j4.22|) , 

r0l \4>{W n {r)\)u' n (r) - (f>(\uo(r)\)uo{r)\ < f Ai 7 |/(u n (f)) - f(u 0 {t))\dt. 

Jo 

Since iu n ) converges uniformly to uq in [a, b], we conclude from the previous inequality that 

(<XK(r) |)<(r) - ^(|u'(r)|)u'(r))«(r) - u'(r)) 0 , 

uniformly in [a, b\. Now, we combine a generalized form of Simon’s inequality, see Lemma 15.51 in 
the Appendix, with the last convergence to conclude that u' n —> u' 0 uniformly in [a, b]. This finishes 
the proof of Lemma 14.21 m 


4.2 Proof of Theorem 11.21 (Continued) 

Proof of (11.411 , We will start by proving that there is z± = z±(d) > 0 such that u(z\) = 0, 
u'{z\ ) < 0 and 

u{r ) > 0, u'{r) < 0 for 0 < r < z\ . (4.24) 

Suppose, on the contrary, that u(r ) > 0 for all r > 0. It follows from (I4.22|l and conditions (fi), 
(/ 2 ) that u'(r ) < 0 and 

-u'(r) > hr 1 ( A ^—— f(u(r)) \ , r > 0. 

Note that u'(r) —> 0 if r —> oo because u(r) > 0. Hence, the previous inequality implies that 
u(r) —>• 0 if r —> oo. Moreover, by Lemma 15.II and the previous inequality, we also obtain 


—u {r) > max 


which implies 


/ Ar 7 a+1 f(u(r))\ ti - 1 / Ar 7 a+1 f(u(r)) A ^~ 1 1 

V (7 +1)^(1) ) ’V (7 + 1)^(1) J j ,r> 


-1 -1 

—u ; (r) min{/(u(r)) u-i ; /(^(r)) "ti -2 } > min 


/ \7’T' \ 71—1 / 0+1 \ 72 — 1 "1 

(7 + l)fi(l) / ’V(7 + 1)M1)J j 


for each r > 0. We integrate the last inequality from 0 to r and apply the change of variables 
t = u(s) to conclude that 



-1 

min{/(f) 'u -1 


/W 72 ” 1 



As 7 ““ +1 \ 
( 7 + l)h{l)J 


1 

71-1 


/ Ag 7-a+l 

v (7 +1)^(1) / J 


ds. 


(4.25) 


Hypothesis ( jy, «j ) implies that the right hand side of (I4.25|) converges to infinity as r —> 00 . 
Therefore, (|4.25ll yields 


f d -1 

liminf / mini f (t) "u - 1 
™ J u(r) X ' 



= OO, 
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which combined with (/i) and the fact that u(r ) —>■ 0 if r —>• oo, implies a contradiction to (fy) and 
thus, (|4.24l) is true. To proceed, we will prove that there is A > 0 such that 


zi(doo, A) > R if 0 < A < A. 


(4.26) 


Indeed, by (J4.22I) . 


— u'(r ) < h 1 ^ 




for r <E [ 0 , 21 (^ 00 , A)]. 


7 + 1 

Integrating from 0 to r £ [0, doc] and making use of Lemma 15.11 we get that 

{ 1 7-Q + 71 

7 { X f( d 00) A 71-1 r 71-1 

V 7 i - !) I , --—, 

V 7 + 1 Ml / 7 — a + 71 


1 7-or + 7? 

/ A/(doo) A 72 " 1 r 72-1 

172 ; V(7 + l)Ml)y 7 — a + 72 


(4.27) 


Let v £ (0,1). Choose r 00 (z/) 6 (0, zi(doo, A)) such that ufroofa), doo) = ud QQ . Set r = r^iy) in 
(14.27(1 and choose the maximum value in the right hand side of (|4.27l) which actually is 


7—Q+71 


/ A/(doo) Vi- 1 Too{v) n-1 

171 j V(7+l)Ml)y 7 — a + 7i 

Take R > 0 and choose A v > 0 satisfying 


1 - 1 / = 


7 A/(doo) N 

1 

v 71-1 71 — 1 

— 1 -Cr 7-a+71 

AJ 1 i? 71-1 

v (7 + 1)^(1) / 

/ 7 - a + 71 

doo 


(4.28) 


We infer from (I4.27P and (14.28(1 that 


A/(doo) A Ti- 1 7 i~l 
(7 + l)/i(l)/ 7-a+ 71 


-1 -1 


AJ 1 _ 1 i? 71 -r < ( 7l - 1 ) 


7—a:+7i 


1 7 -a+7i 

A/(doo) A Ti-i roo(i/) ^i - 1 


(7 + l)/i(l) 


7 - a + 71 


which implies that 

Hence, 


7 —<2+71 


AJ 1 R u-i < AT'i- 1 r 00 (^)‘ 


7 —<2+7i 

71-1 


R < roo(^) < 2:1 (doo, A) if 0 < A < K v . (4.29) 

To finish the proof of (14.2611 , first note that the maximum of two continuous functions is a continuous 
function. Therefore, ((4.271) combined with ((4.2811 gives 

1 


A 77 


fj —1 v —»o ( x f (doo) A 77 1 7 1 doo 

(7 + l)/i(l)y 7 -a + 7 i? 2 +r 2 ’ 


where either 7 = 71 or rj = 72 depending on whether the maximum in (14.27(1 is assumed at 71 or 72 . 
Note also that r l/ (d OQ ) is continuous on v and r t/ (d 00 ) 21 (doo, A) as —> 0, therefore, we conclude 

from (14.2911 that 

R < z\(doo, A) if 0 < A < A, 
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where 


A : = 


A/(do 


rj 


-1 V 1 dV 


(7 + l)/i(l) \7~ a + rjj W a+v 
Now we will show that there is z 2 = Z 2 (d) > z\ such that ufo) = 0, u'(z 2 ) > 0 and 

u(r) <0, Z\ < r < Z 2 - 


(4.30) 


In fact, since v!{z l) < 0 then, u'(r) < 0 in a neighborhood of z\. We start by proving that there is 
rri\ > z\ such that = 0. Thus, suppose by contradiction that it is not true, i.e. u'(r) < 0 

for all r > z\. We have by (14.21) that 


ru(r) 

Jo 


f{t)dt < F(d), r > 0. 

If there is some sequence r n —> 00 such that u(r n ) —> —00 then, by the previous inequality we infer 
that 

r 0 rO 

/ f(s)ds = lim / f(s)ds > —F(d), 

J —00 n J u(r n ) 

which is impossible, because (fi), (/2) imply that J° oo f(s)ds = —00. Hence, there is C > 0 such 
that 

u(r) > —C, u'(r ) <0, Vr > z%, 

and consequently u(r) —> L as r — > 00 for some L < 0. Now, by m , 

u Vi -> 0 as r ^ 00, 
r 7-a+l ’ 

which implies by using the inequality ^(s) > cs 2 (j){s ) that 

W{r) |) 


r 7— a+1 

On one hand (|4.22l) and the previous limits imply that 


0. 


71 J f 1 f(u{t))dt 0, 


r 7+l 

and on the other side, (/1) and L’Hospital rule imply that 

1 


lim 

r—YOO r'l'" 1 " 1 ./ Q 


/ Ff{u{t))dt 

Jo 


. r 1 f(u(r)) f(L ) 

= Inn , J 2 \ < 0, 

r—>00 (7 + l)r1 7 + 1 

which is an absurd. Therefore, u!(rri\ ) = 0 for some z\ < mi, so that 

u(r ) < 0 for z\ < r < mi and u (r) < 0 for zi < r < mi. 

Now, taking r > mi, r close to m\ we have 


/ 

m 


which implies by (|4.22l) that 

it(r) < 0, ^(r) > 0 for all r > mi, r close to mi. 
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Assume by contradiction that u(r) < 0 for r > mi, so that u'(r) > 0. Since by (/2) 


-r a ct>{\v!{r)\)u' (r) = A f t 7 f(u{t))dt < _ m 7+1 ), 

Jm i 7+1 

we get by taking r >r = 2r+ T mi above, that r 7+1 — m\ +l > 1 —^— and so 

—r a (j)(\u' (r)\)u' (r) < ^ 7,7+1 , 

which, combined with Lemma 15.11 gives 


u'(r ) > min ■ 


-A/(w(r)) +1 \ -ri-i /-A/(n(r)) +1 A r 2 


2( 7 + l) 

Integrating in (14.311) from r tor, we have 


’ V 2(7 + 1) 


r > r. 


(4.31) 


[_ u’(t) max{(-/(u(t))) 7i-i ,(-/(«(*))) 72-1 > [ 

! r J r 


for r > r. Making the change of variables t/ = u(t), 


min 


fy—ct +1 \ 71 -i / ^.7-0+1 


2(7 + 1); ’V2(7 + l) 


dt. 


ru{r) -1 -1 /-i 

/_ max{(-/(t)) 71-1 ,(-/($)) 72-1 }cft > / 

J u(r) Jr 


mm • 




—a+1 


2(7 + 1 ); \ 2(7 + 1 ) 


t 7 


—a+l 


dt. 


(4.32) 


Once u(r) < 0 and u'(r) > 0 for r > r it follows that u'(r) —> 0 as r —> 00. Hence, inequality (|4.31 j) 
implies that u(r) —> 0 as r —> 00. Moreover, the right hand side of (|4.32l) converges to 00 due to 
hypothesis ( jy, ap . Therefore 


lim inf 



max{(—/(f)) 71-1, (-/(f)) 72-1} 


= 00, 


which contradicts (/s), so (14.301) is proved. Now we will prove that there is z. 3 = zs(d) > Z 2 such 
that u(z%) = 0, u'(zs) < 0 and 

u{r) > 0 for all r € (z 2 ,Zs). (4.33) 

Indeed, since by (14.301) . u'(z 2 ) > 0, so that 

u (r) > 0 for all r > Z2, r close to Z 2 - 


We claim that there is m2 > Z 2 such that 1/(7712) = 0. In fact, othewise, u'(r) > 0, for all r > Z 2 , 
which gives that u(r ) > 0 for r > Z 2 - By @2D, 





so that u(r) < d for r > Z 2 - Hence, there is L € (0, d] such that 


u(r) —> L and u(r) < L, r > Z 2 - 
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As in the proof of (14.301) . 


^+T j o 0 , 


and 


lim 


^TT f 0 t7/Wt))dt 


= lim rT/( " (r)) = M < 0, 


r—»oo r 7+1 7 0 r—»oo (jy -j- 1 V7 7 + 1 

which is an absurd. As a consequence, there is m 2 > 22 such that 1 /( 777 . 2 ) = 0 and u'(r ) > 0, 
Z 2 < r < m 2 , proving the claim. Assume again, by contradiction, that u(r ) > 0 for all r > m 2 so 
that u'[r ) < 0 also for all r > m 2 ■ We have (similar to the proof of (I4.30j) ) 


— r a 0(\U 


'(r)|K(r) = A f ff{u{t))dt 

J m 2 


> 




7 + 1 


Setting r = 2 7+77772 and taking r > r, 


Q //I // \|\ // \ \ '^/(^(^)) 7+1 

—r </>(|ii (r)|)u (r) > 777- —r 


2(7 + 1) 


which combined with (|5.1j) gives 


— u'(r) > min 


A /M r )L 7-0+1 V 1-1 ^ A/(n(r))^_ a+1 


1 

72 _1 


, r > r. 


2(7 + 1 )' J ’ V 2(7 + 1 ) 

Integrating ()4.34j) from F to r and making the change of variables 77 (t) = s, we get 


(4.34) 


/•»+) -1 -1 /•'• 

/ — max{/(t)T'i~ 1 ,/(f) 72-1 }dt > / min 

’u(r) J~ 




—a-\-l 


2(7 + 1) 


71 - 1 / t 7 ' 


y-o+l 


2(7 + 1) 


72 _1 


dt. 


Taking lim inf in both sides, we arrive at a contradiction with (/ 3 ) and so (14.331) is true. To finish 
the proof of (14.41) we argue as in (I4.30P and (14.33|) to get zeroes 24 , 2:5 and inductively, a sequence 
with the properties asserted in (11.4)) . 

Proof of (II.5|) . We start by proving that 21 (d) — > 0 when d —> 0. By (|4.22l) and (|4.24l) we obtain 

—u'{r) = /i _1 (r-«J At 7 f(u(t))dt \ , r € [0,2i]. 

Now we apply (/ 2 ) and Lemma l5Tl to conclude that 


— u'(r ) > min < ( A 


„7-o+l 




7 + 1 


,.7—0+1 


f(u(r)) 


which implies that 


—u{r) max |/(u(r)) n- 1 , f(u(r)) 72 - 1 1 


> min < A 


7 + 1 


r 7-o+l \ 71 —! 


, r € [ 0 , 21 ], 


7+1 


. A- 


r 7 —o+l 

7 + 1 


r <E [ 0 , 2 i]. 


Integrating from 0 to r and making the change of variables y = u(t) we get to 


[ max{/(f)u-i,/(t)72-i jdt > f 

J u(r) V J Jo 


min < I A 


^7—a+l \ 71 _i / ^7-0+1 \ 72 _i 


7 + 1 


. a- 


7 + 1 


dt. 
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Taking r = z\{d) in the previous inequality and making use of ( j-y, aj ) and (/ 3 ), we conclude that 
zi(d) —> 0 as d —> 0. Now, letting t > 1, we assume that u(r) > 0 in (zt(d), ze+i(d)), so that by the 
notations of (I4.3UD and (14.33|) we have u'{r) > 0 in (z£(d), m^{d)) and u'(r) < 0 in (mi(d),zg + i(d)) 
(the case u(r) < 0 in (zg(d), ^+i(d)) is handled similarly). Now, using (/ 2 ) in (|4.22l) . taking 
rnp{d) < r < zn + \{d) and then applying lemma 15.11 we obtain successively 

'■y-f-1 

r a h(—u'(r )) > A f(u(r))~ - JJJ- 



,, s r f( , , n\ — = ^ T i . . / / r 7+1 - m i (d)' y+1 \ Ti - 1 / r 7 + 1 -m£(d) 7+1 \ 

-u(r)max{f(u(r))-n-i,f(u(r))T 2 -'} > mm j (^A- ^ + ^ - J , (A- ^ + 1)fQ - J 


72 - 1 


Note that r 7 “ > 7 ?i+(d ) 7 a since 7 > a, therefore 


7 - 0 +I_ -a 


— r a m(,{d) 1+l > me(dy a (r — mi{d)), 


which gives 


— 1 — 1 

— u'(r) max{/(rt(r)) ti -1 , f(u(r )) } > 


mm 


A rrie(d) 


7 —a 


(7 + 1) 


-(r - me(d)) 


71-1 


A mt(d) 


7 — a. 


(7 + 1) 


-(r - me(d)) 


72 _1 


Integrating from m^{d) to z^_|_i(d), making the change of variables y = u(t), we hnd that 

ru(m e (d)) 

Jo 


max{/(t)n-i,/(t)72-i}dt > 


L 


Z£+i(d) 


mm 


me(d) 


A r?7+(d ) 7 

(7 + 1 ) 


-(r - m e (d)) 


A r?7+(d ) 7 

(7 + 1 ) 


-(r - m^(d)) 


dt. 


(4.35) 


(4.36) 


Assume now zt(d) < r < mg(d). Then by a similar argument, this time, integrating from zi{d) to 
717+(d) we deduce that 


ru(mt(d)) -1 -1 

/ max{/(t)Ti- 1 , /(t) 72 -i }dt > 

Jo 


rm e (d) 

J zi(d) 


mm ■ 


\mi(d) 


7 —Q 


(7 + 1 ) 


-(m e (d) - r ) 


1 

71-1 


A me(d)' y “ 

. (7 + 1 ) 


(m £ (d) 



(4.37) 


Now, since u(me(d)) < d we have by (/ 3 ) that the left hand side of (14.361) and (14.371) converge to 

zero, and therefore, lim ze(d) = lim z^ + \(d) for each l>\. Once z\(d) — > 0 as d — >• 0, we see that 
d-+0 d —>0 

zg(d) —^ 0 as d —^ 0 . 

We pass to the proof that zi{d) —> zi(do) if d —> do. Let us hrst show that zi(d) —> z\{do) as 
d —>• do- Indeed, let d n —> do, u n (-) = u(-,d n ) and uo(-) = u(-,do) so that we have from (14.31) that 
u n —y v, uniformly in compact subsets of (0, 00 ). For each e > 0 small we find 


uo(r) > 0 , 0 < r < z\(do) — e and tto(zi(do) + e) < 0 , 
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so that 

u n (r) > 0 , 0 < r < zi(do) — e and u n (zi(do) + e) < 0 , 

for sufficiently large n. As a consequence, zi(do) — e < z\{d n ) < 2:1 (do) + e, showing that 
zi(d n ) —>• 21 (d 0 ). Now, assume by induction that ze(d n ) —> ze(do) for some t > 1. We will show that 
zi + i{d n ) —>• Z£ + i(do). For that matter, we assume uo(t) < 0 for 2 ^(do) < t < Z£ + i{df) (the other case 
is handled similarly). Taking e > 0 small, we find that u n (t) < 0 for 2 ^(do) + e < t < Z£+i(do) — e 
and u n (z£ + i(do) + e) > 0, showing that Z£ + i(do) — e < Z£ + i{d n ) < Z£ + \(do) + e. Consequently, 
Z£ + i{d n ) —>• 2 ^ + i(do) as d —>■ do, which finishes the proof of (11.51) . 

Proof of (|1.6I) . 

Let d G (0, do). It suffices to show that 2 ^+ 2 (d) > i? whenever d is close enough to do- We assume 
that u(r, do) < 0 for r G (^(do), 2^+1 (do)) (the other case is handled similarly). 

Notice that as 2 ^(do) is increasing an there is only t zeroes in (0, R ), we must show that 2 £ + i(do) > R 
and Z£ + 2 (do) > R. However, as Z£ + 2 (d) —> 2^+2 (do) for d do, we have 2 £+ 2 (d) > R whenever d is 
close enough to do- This completes the proof of Theorem 11.21 m 


5 Appendix 

Remark 5.1. (On the radially symetric form of (3>) ) Let u be a weak solution of (<L), radially 
symmetric in the sense that u(x) = w(|a;|) = u(r). Let r G (0 ,R) and pick e > 0 small such that 
0 <r<r + e<R. 

Consider the radially symmetric cut-off function v r>e (x) = v r ^(r), where 

( 1 if 0 < t < r, 

v r ,e{t) := < linear if r < t < r + e, 

(0 if r + e < t < R. 

and notice that u r , e G W^' (B) \ n Lip(B). By replacing v with v r>e in (12.21) . we get to 
— [ (f>(\v! (\x\)\)u'(\x\)dx = A [ f(u(\x\))v r ,e(\x\)dx. 

e J B(0,r+e)\B(0,r) J B(0,r+e) 

Making the change of variables x = rui with r > 0 and u G dB(0, 1) and letting e —> 0 we infer that 


tf>(\u'{r)\)u'(r)r N 1 = A / f(u(r))r N x dr, 

Jo 


which gives 


{r N 1 <j)(\u' (r)\)u' (r)) 1 = A r N 1 f(u{r)). 

So the radially symetric form of (<L) is 

— (r N ^ ftfu'{r)\)u'(r))' = \r N ~ 1 f(u(r), 0 < r < R 

u'( 0) = u(R) = 0. 

Lemma 5.1. Assume that f satisfies ((f>i)-((j>3). Then 

h(l) min{/i _ 1 (s)' yi “ 1 , /i - 1 (s) 72-1 } <s< h(l) max{/i“ 1 (s) 71_1 , /i” 1 ^) 72-1 }, s > 0 . 


18 




Proof. Condition (cf> 3 ) implies that 

(71 ~ < | inh ( t ) i (72 - l^lnt. V t > 0. 

Let f < 1. Integrating the previous inequality from f to 1, we get 

/i(l)i 7l_1 < /i(f) < /i(l)i 72_1 , t < 1 . 

Let t > 1. Iintegrating the previous inequality from 1 to t, we get 

/i^f 72 " 1 < h{t) < V t > 1. 

Therefore 


/i(l) min {7 71 1 ,t 72 X } < /i(t) < L(l) max{t 71 1 , t 72 1 }, V t > 0. 
Letting t = h~ 1 (s), the lemma is proved. 

Lemma 5.2. Assume </> satisfies Then 

<h(l) min{t 7 l ,t 72 } < <h(f) < <h(l)max{t 7 l ,f 72 }, t > 0 . 

Proof. From (cf> 3 ), 

71 < th'{t) + < 72 Vt > 0, 

which implies, after integration from 0 to t that, 


t&(t) 

71 - w - 725 4 > 


(5.1) 


The previous inequality is called condition A 2 . To finish the proof, we proceed as in the proof of 
lemma l5Tl to conclude the desired inequality. q 

Lemma 5.3. Assume that <f> satisfies (fiij-ffis). Then 


[h~\(t) < 


Proof. Remember that 


-72+2 

t + 2- 1 

—- 7 - t < 1 . 

L(l) 7 2( 7l - 1)’ - 


1 


[h ~ ] {t) = Jwwy ■ 4 > °- 


(5.2) 


From the proofs of Lemmas 15.11 and 15.21 


/i( 1)(71 — 1 ) min (t 71 2 ,f 72 2 }<h'(t)<h( 1)(72 — 1 ) max{f 71 2 ,f 72 2 } for t > 0 . 
Gathering (15.21) and (15.31) . we see that 


(5.3) 


[h- L m < 


"RCl1-72+2 




Now we use Lemma 15. II to obtain 


M!)(7i - 1) 


-72+ 2 


; t< 1 . 


f "72 — 1 


□ 
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Lemma 5.4. Assume that f> ■ (0, oo) —» (0, oo) is a differentiable function satisfying (fo). Then, 
there is a positive constant Ti such that 


N 


da -; 


i , j = 1 1 


where aj{rj) = <f(\r]\)r]j, r] £ \ { 0 } and £ £ 

Proof. Indeed, by (4> 3 ), 

(71 - 2 ) cj >( t ) < t ( f >'{ t ) < (72 - 2 ) 4 >( t ). 
Suppose first that 71 < 2 . Note that 


N 


Efe (^ = ^ i ) i « i 2 + - (l ’ ,l)l< ’ 7 '° |2 

*d=i 1 


M 


If 4>'(\r]\) < 0, then <j/(\ 7?|)|(ry,0 | 2 > ^ / (| 7 |)|i?| 2 |?| 2 - From (15.5|) and (15.61) . 

N dan 


E 7(«>(T 1 -l)«)Kf 

*7=1 * 


(5.4) 


(5.5) 


(5.6) 


If 4>'(\ri |) > 0, then take Ti = 1. 

If 71 > 2, then ()5.5I) is satisfied with Ti = 1, as can readily be seen from (|5.6I) and noting that 
< f>'(t ) > 0 in this case. □ 

We now prove a Simon type inequality. 

Lemma 5.5. Assume that <f> : (0, 00 ) —> (0, 00 ) is a differentiable function satisfying (4>i)-(4 > ^)- 
Then 

(H\V\)V - ~V') > mm{4,4Ti} i _ ( [ 7 | ’ ( 5 - 7 ) 

where Ti was given in lem.a \5ff\ 77,7/ £ M. N and (•, •) denotes inner product. 

Proof. If 7], rj = 0 then (|5.7D is obviously satisfied. If only one of them is 0, let’s say, rj' = 0, then 


«lil)M 2 > *(M) > 4* (hi), 

where in the last inequalities we have used the properties of an N-function (note that an N-function 
is convex). So (15.71) is satisfied. If 77 , 7 / 0, assume without loss of generality that \r]\ < \rf\. Then, 

an application of Cauchy-Schwartz inequality implies that 

< \tV + (1 - tW | < 1 + |» 7 | + | t /|, t £ [ 0 , 1 / 4 ]. 
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We conclude from the last inequality, (|5.6I) and the properties of an N-function that 




> 


> 


> 

> 


N ! 


L di^ a ^ t7]+ ^ _ t ) r ? , )K ? ?i - v'j) dt 


i =1 


,1 N 


da 


X] + (! - t)v'](rii - Vi)(vj - Vj)dt 


r. 


[ <K\tri + (l-t)Tf\)\ri-rf\ 2 dt 
Jo 
/• 1/4 

/ <KI^ + (1 ~ t ) r ]' Dlv - v ' 

Jo 
/• 1/4 

/ <K|ty + (1 — 0Vl)l’7 — 

J o 


— ?7 | dt 

niltri + O- ~t)rf\ 


4r, '’j;”' 1 , J 

1 + \v\ + W\ 

4ri $ 
i + M +171 


\tr) + (1 - t)rf 

1 rj — rf\ \ ( \rj — vj 1 7 
4 


dt 


□ 

Lemma 5.6. Assume satisfies ((f)\)-((ps)- Then, the function H(t ) = t&(t) — <f>(t) is strictly 
increasing and satisfies 

(71 - l)4>(t) < H(t) < (72 - t> 0, 


71 ^'(t) < H(t) < -- t > 0. 


7i 


72 


Proof. Indeed, as (^ 3 ) is satisfied, we have that 

t&(t) — r&(r) > (t — r)&'(t) > f T(j)(r)dT,t > r > 0, 

J r 

which implies that H is strictly incresing. On the other hand, condition (15.11) implies the desired 
inequalities. 

□ 

Proof of Lemma 14.31 Indeed, take p € (0,d) and set 

K e Jd) = {«£ C([0, e]) | u( 0) = d, ||« - d\\oo < p}. 


solution of (Px,d,e) satisfies u’{r) < 0 for r G [ 0 ,e] (this was showed in the proof of proposition 
(14.11) 1 and 


Take e > 0 small. If u G K e p (d), then by continuity, u(r) > 0, r £ [0, e]. Hence, for small e, a 

u'( 

u{r) = d — J h~ l ^ t~ a J Ar 7 f(u(r))dT^ dt, V r € [ 0 , e]. 

We infer that the solutions of (P\,d,e)> for small e, are fixed points of the operator 

T(u(r )) = d — J h~ 1 ^ t~ a J Ar 7 /(n(r))dr^ dt, V r <G [ 0 , e]. 
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Now we will verify that there exist e, p > 0 and fe G (0,1) such that 


T{K/(d))cK/(d), 


(5.8) 


and 


|| Tu - Tv Hoc < fell'll - v\ 


(5.9) 


Therefore, by the Banach Fixed Point Theorem, T has a unique fixed point, which in turn will 
be a C 2 ([0,e]) solution of (P\ t d,e)- With respect to (15.811 . let p G (0, cZ/2], which implies that 
u(r) G [d/2, 2d] for u G K e p {d). Therefore, for u G K p (d ) we have that 


If 


— 1 I n — OL 


J\pf(u(t))d?j < h - 1 ( A ' l/Il ^ 1 7 Q+1 ) , s G [ 0 , e] 


where ||/||ood = max /(s). For small e, we can apply lemma l5Tl in the Appendix to conclude 

’ sG[d/2,2d\ 

from the previous inequality that 

\T(u(r)) — T(u(0))| = f h^ 1 ^r~ a J A Pf(u(t))dt^j ds 


< 


< 


-1 ( A||/||oo,dS 


pr 

Jo 

J/ h{1) (M! 


7—a+1 


7 + 1 


ds 


dS y~ a + i\n-i 


/o 

Mi) 


7 + 1 


ds 


A / oo.dV 1 7 ~ a+ ? 1 , 

-Mr - r , r G 0,e . 

7 + 1 J 


As 7 > a, we obtain from the last inequality that there is e > 0 such that Tu G C([0,e]) and 
\T(u(r)) — d\ < p for r G [0, e], which finishes the proof of (15.81) . Now we pass to the proof of (15.91) . 
We first prove it by assuming that / G C(M) D C 1 (M \ {0}). Fix p as in (15.81) and take u, v G K p (d). 
By the Mean Value Theorem, there is h G (0,1) such that 


T(v(r)) — T(u(r)) = j h 1 ^s “ J At 7 f(u(t))dtj —h 1 ^-s a J Xt 1 f(v(t))dt 
J (h~ 1 ) / ^s _ “ J ^fihuit) + (1 — h)v(t))dt^ ^s _a j XPf'(hu(t) + (1 — h)v(t))(u(t) — v(t))dt 

Choose e small in such a way that the number s~ a [J At 7 f(hu(t) + (1 — h)v(t))dt for s G [0, e] is 
small. Therefore, Lemma 15.31 and the last equality implies that for 1 < 72 < 2 (note that in this 

—72+ 2 

case, the function t *—> t 72 - 1 is decreasing) 


ds = 
ds. 
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|T( V (r))-T(«(r))|< 


rr 

Jo 


-72+2 


c(s a fg \C\f(hu(t) + (1 — h)v{t))\dt) + 2- 1 (s a \C\f'{hu{t) + (1 — h)v(t))\\u(t) — v(t)\dt) 


ds < 


[ K-f 


A||/||oo,d'i 7 ^ 


-72+2 
72 — ! 


,-a+7-|-l \ 7 2- + i 


: TaII/'I 

■Jo 


oo,dfdt ) ||u - V 


oo.d '" 


7 + 


- 


m’\\ 


oo,d~ 


? —Q!+7+l 
7 + 1 


dt ) Ilit — i;|| 


ds = 


ds = 


V 7 + 1 


-72+2 


^AH/lloo,^ 72-1 AH/'IU^ 

- - —r 7 2 -! \\u — 


7 + 1 


U - V ||oo, 


where ||/||oo,rf' = min se [ d / 2 , 2 d] |/(s)| and \\f'\\oo,d = ma ^ s e[d/ 2 , 2 d] |/'(s)|- If on the other hand, we 

~72+^ 

have that 72 > 2 , i.e., t +->• t + 2- 1 is increasing then, we must conclude that 


\T(v(r)) -T(u(r))\ < c 


f AH/HocyA 7 2 -l XWflUd 


\ 7 + 1 


-Q-l-7-1-72 


7 + 1 


f 72 


-1 


\u - U||oo, 


where ||/||oo,d = max G u/ 2i< fl f( s )- In both cases, hypothesis (jTTaj) implies the existence of e such 
that (15.91) is true in the case / E C'(M) (7 C' 1 (M \ {0}). 


□ 
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